Abstract. In this note we study the compactness of the commutator of fractional integrals associated with nondoubling measures.
Introduction
In this note, given a positive Radon measure µ on R d which may be nondoubling, we consider, for every n ∈ N and 0 < α < n ≤ d, the fractional integral I α defined by for every x ∈ R d and r > 0, B(x, r) being the euclidean ball with center x and radius r. As it is wellknown, the paper of Coifman, Rochberg and Weiss [10] 
into itself for every Calderón-Zygmund operator T. In [10] two different proofs are presented for this result. One of them consists in proving a good λ inequality. The other one uses complex analysis. Later, Stromberg (see [18] ) gave a third proof of the commutator theorem by proving a pointwise estimate for a sharp maximal function. The Coifman-Rochberg-Weiss theorem has been extended for other operators and other spaces ( [3, 7, 25, 26, 29] amongst others) following some of the three mentioned procedures.
Chanillo [7] investigated the boundedness in Lebesgue spaces or the commutator [b, I α ] when µ is the Lebesgue measure on R d . His results was completed and extended to Lipschitz spaces by Paluszynski [26] .
If X is a set, a quasidistance on X is a function d :
, for some C d ≥ 1 and for every x, y, z ∈ X.
Let (X, d) be a set X endowed with a quasidistance d such that the balls associated with d are open sets in the d-topology. Assume that µ is a positive Borel measure defined on a σ-algebra of subsets of X which contains the d-balls, for which there exists a constant C ≥ 1 such that the following doubling condition is satisfied:
Then (X, d, µ) is called a homogeneous space. Function spaces and operators on homogeneous spaces have been investigates by several authors (see, for instance, [6, 9, 11, 12, 19, 20, 34] ). Fractional integrals on spaces of homogeneus type were studied by Gatto and Vagi [16] , Gatto, Segovia and Vagi [15] and Sawyer and Wheeden [28] . More recently, Bramanti [3] , Bramanti and Cerutti ( [5, 4] ) and Betancor [1] have extended the commutator theorems of Coifman, Rochberg and Weiss and Chanillo to the setting of homogeneous spaces.
Last years central results of classical Calderón-Zygmund theory have been established when the doubling condition (1) on the underlying measure is not satisfied. In this case (X, d, µ) is called a non homogeneous space. Tolsa [30, 31, 32] and, independently, Nazarov, Treil and Volberg [22, 23, 24] have shown that the doubling condition (1) was not really necessary. In the survey of Verdera [35] the interested reader can find a nice exposition of results on Calderón-Zygmund theory on nonhomogeneous spaces.
Tolsa [30] introduced a good substitute in the nondoubling case for the space BM O. He denoted it by RBM O(µ). Given a cube Q ⊂ R d with sides parallel to the axes, we choose N as the smallest nonnegative integer such that 2
. ByQ we denote the cube 2 N Q. Let Q ⊂ R be two cubes in R n . By N Q,R we represent the first integer k for which l(
Here l(R) denotes the length of the side of R. We set
and |m Q f − m R f | ≤ CK Q,R for any two doubling cubes Q ⊂ R. The minimal constant C satisfying the above two conditions is denoted by f * . Thus · * is a norm in RBM O(µ) modulus additive constants. The space RBM O(µ) is not depending on ρ.
The space RBM O(µ) is suitable for the nondoubling measures because it has a lot of properties of the ones of the classical space BM O, including some properties that were not satisfied by the spaces in [21, 24] . In [30] , the predual of RBM O(µ) is described as the atomic space H 
Gatto and García Cuerva [13, 14] Throughout this paper, by C we always will denote a positive constant that can be changed from one line to the other line.
The compactness of the commutator for fractional integrals
Our objective in this section is to see that if
. Our result can be seen as an extension for the fractional integral I α associated with nondoubling measures on R d of the result due to Uchiyama (see [33, Theorem 2] ) for Calderón-Zygmund singular integral operators.
We need, before establishing our compactness result, to prove two lemmas that will be useful in the sequel. In the first one we state a compactness criterion in L p (µ) that is a modification of [36, Theorem, p. 275] .
provided that the following properties are satisfied:
iii) lim m→∞ |x|≥m |f (x)| p dµ(x) = 0, uniformly in B.
Proof. This lemma can be proved, with minor changes, by proceeding as in [36, p. 275-276] .
and 0 < α < n. Then there exists C > 0 such that
Proof. To see this property we study carefully the proof of [13, Theorem 3.2] . We are going to prove that there exists C > 0 such that, for f ∈ L p (µ) and
Here C is not depending on x ∈ R d .
Without lost of generality we assume that f ≥ 0 and f p = 1. Let λ > 0. We can write
r > 0 and x, y ∈ R d . Hölder's inequality implies that
By using [13, Lemma 2.2] we get
Hence, Chebyshev's inequality leads to
Thus (2) is established.
To finish the proof of our lemma it is sufficient to use Marcinkiewicz's interpolation theorem.
We now establish our compactness result for the commutator associated to the fractional integral I α . 
Proof. Since b ∈ RCM O(µ), b is in RBM O(µ) and, according to [8, Theorem 1] , the commutator operator [b,
where C does not depend on b. By (3), we can assume that b ∈ D(R d ). Our objective is to show that the subset
of L q (µ) satisfies the condition (i), (ii) and (iii) in Lemma 2.1 when p is replaced by q. From (3) we immediately deduce that sup f p≤1 [b,
For every x, z 1 , z 2 ∈ R d , we can write
Hence, for every x, z 1 , z 2 ∈ R d , we get 
